Abstract. In this paper we initiate the study of the class of cubic Kummer type towers considered by Garcia, Stichtenoth and Thomas in 1997 by classifying the asymptotically good ones in this class.
Introduction
It is well known the importance of asymptotically good recursive towers in coding theory and some other branches of information theory (see, for instance, [6] ). Among the class of recursive towers there is an important one, namely the class of Kummer type towers which are recursively defined by equations of the form y m = f (x) for some suitable exponent m and rational function f (x) ∈ K(x). A particular case was studied by Garcia, Stichtenoth and Thomas in [2] where a Kummer tower over a finite field F q with q ≡ 1 mod m is recursively defined by an equation of the form
where f (x) is a polynomial of degree m − d such that f (0) = 0 and gcd(d, m) = 1. The authors showed that they have positive splitting rate and, assuming the existence of a subset S 0 of F q with certain properties, the good asymptotic behavior of such towers can be deduced together with a concrete non trivial lower bound for their limit. Later Lenstra showed in [4] that in the case of an equation of the form (1) over a prime field, there is not such a set S 0 satisfying the above conditions of Garcia, Stichtenoth and Thomas. Because of Lenstra's result it seems reasonable to expect that many Kummer towers defined by equations of the form (1) have infinite genus. However, to the best of our knowledge there are not examples of such towers in the literature. The aim of this paper is to classify those asymptotically good Kummer type towers considered by Garcia, Stichtenoth and Thomas in [2] recursively defined by an equation of the form (2) y 3 = xf (x) , over a finite field F q where q ≡ 1 mod 3 and f (t) ∈ F q [t] is a monic and quadratic polynomial. It was shown in [2] that there are choices of the polynomial f giving good asymptotic behavior and even optimal behavior. For instance if f (x) = x 2 + x + 1 then the equation (2) defines an optimal tower over F 4 , a finite field with four elements (see [2, Example 2.3] ). It is worth to point out that the quadratic case (i.e. an equation of the form y 2 = x(x + a) with 0 = a ∈ F q ) is already included in the extensive computational search of good quadratic tame towers performed in [5] .
The organization of the paper is as follows. In Section 2 we give the basic definitions and we establish the notation to be used throughout the paper. In Section 3 we give an overview of the main ideas, in the general setting of towers of function fields over a perfect field K, used to prove the infiniteness of the genus of a tower. In Section 4 we prove some criteria involving the basic function field associated to a tower to check the infiniteness of its genus. Finally in Section 5 we prove our main result (Theorem 5) where we show that asymptotically good towers defined by an equation of the form (1)
with b, c ∈ F q and q ≡ 1 mod 3 fall into three mutually disjoint classes according to the way the quadratic polynomial x 2 + bx + c splits into linear factors over F q . From this result many examples of non skew recursive Kummer towers with positive splitting rate and infinite genus can be given. We would like to point out that there are very few known examples showing this phenomena. An example of a non skew Kummer tower (but not of the form (1)) with infinite genus over a prime field F p was given in [5] but, as we will show at the end of Section 3, there is a mistake in the argument used by the authors. There are also examples of non skew Kummer towers with bad asymptotic behavior over some non-prime finite fields given by Hasegawa in [3] but those Kummer towers have zero splitting rate.
Notation and Definitions
In this work we shall be concerned with towers of function fields and this means a sequence F = {F i } ∞ i=0 of function fields over a field K where for each index i ≥ 0 the field F i is a proper subfield of F i+1 , the field extension F i+1 /F i is finite and separable and K is the full field of constants of each field F i (i.e. K is algebraically closed in each F i ). If the genus g(F i ) → ∞ as i → ∞ we shall say that F is a tower in the sense of Garcia and Stichtenoth.
Following [7] (see also [1] ), one way of constructing towers of function fields over K is by giving a bivariate polynomial
and a transcendental element x 0 over K. In this situation a tower
A suitable choice of the bivariate polynomial H must be made in order to have towers. When the choice of H satisfies all the required conditions we shall say that the tower F constructed in this way is a recursive tower of function fields over K. Note that for a recursive tower
of function fields over K we have that
where
is a sequence of transcendental elements over K. Associated to a recursive tower F = {F i } ∞ i=0 of function fields F i over K we have the so called basic function field K(x, y) where x is transcendental over K and H(x, y) = 0.
For the sake of simplicity we shall say from now on that H defines the tower F or, equivalently, that tower F is recursively defined by the equation H(x, y) = 0.
of function fields over a perfect field K of positive characteristic is called tame if the ramification index e(Q|P ) of any place Q of F i+1 lying above a place P of F i is relatively prime to the characteristic of K for all i ≥ 0. Otherwise the tower F is called wild.
The set of places of a function field F over K will be denoted by P(F ).
The following definitions are important when dealing with the asymptotic behavior of a tower. Let F = {F i } ∞ i=0 be a tower of function fields over a finite field F q with q elements. The splitting rate ν(F ) and the genus γ(F ) of F over F 0 are defined, respectively, as
It can be seen that all the above limits exist and that λ(F ) ≥ 0 (see [7, Chapter 7] ). Note that the definition of the genus of F makes sense also in the case of a tower F of function fields over a perfect field K.
We shall say that a tower
From the well-known Hurwitz genus formula (see [7, Theorem 3.4 .13]) we see that the condition g(
Hence, when we speak of the limit of a tower of function fields we are actually speaking of the limit of a tower in the sense of Garcia and Stichtenoth (see [7, Section 7.2 
]).
It is easy to check that in the case of a tower F we have that F is asymptotically good if and only if λ(F ) > 0. Therefore a tower F is asymptotically bad if and only if λ(F ) = 0.
The genus of a tower
As we mentioned in the introduction, a simple and useful condition implying that H ∈ F q [x, y] does not give rise to an asymptotically good recursive tower F of function fields over F q is that deg x H = deg y H. With this situation in mind we shall say that a recursive tower
What happens is that if deg y H > deg x H then the splitting rate ν(F ) is zero (this situation makes sense in the case K = F q ) and if deg x H > deg y H the genus γ(F ) is infinite (see [1] for details). Therefore the study of good asymptotic behavior in the case of recursive towers must be focused on non skew towers. Since the splitting rate of recursive towers defined by an equation of the form (1) is positive, their good asymptotic behavior is determined by their genus.
From now on K will denote a perfect field and we recall that K is assumed to be the full field of constants of each function field F i of any given tower F over K. We recall a well-known formula for the genus of a tower
Remark 1. Suppose now that there exist positive functions c 1 (t) and c 2 (t), defined for t ≥ 0, and a divisor
where the inner sum runs over all places Q of F i+1 lying above P , then it is easy to see from (3) that if the series
With the same hypotheses as in Remark 1, if in addition
is non skew and recursively defined by the equation H(x, y) = 0 such that H(x, y), as a polynomial with coefficients in K(y), is irreducible in K(y)[x] then condition (a) can be replaced by the following
is a rational function and (b(x j )) j denotes either the pole divisor or the zero divisor of b(x j ) in F j , and the same result hold, i.e., γ(F ) = ∞. These are the usual ways of proving the infiniteness of the genus of a recursive tower F . In particular the existence of a divisor as in Remark 1 can be proved by showing that sufficiently many places of F i are ramified in F i+1 in the sense that the number r i = #(R i ) where 
. We recall now a standard result from the theory of constant field extensions (see [7, Theorem 3.6.3] 
be a tower of function fields over K. By considering the constant field extensionsF i = F i · K ′ where K ′ is an algebraic closure of K, we have the so called constant field extension towerF = {F i } ∞ i=0 of function fields over K ′ and
Now we can prove the following result which will be useful later.
be a tower of function fields over K. Suppose that either each extension F i+1 /F i is Galois or that there exists a constant M such that [F i+1 : F i ] ≤ M for i ≥ 0. In order to have infinite genus it suffices to find, for infinitely many indices i ≥ 1, a place P i of F 0 unramified in F i and such that each place of F i lying above P i is ramified in F i+1 .
In particular, suppose that the tower F = {F i } ∞ i=0 is a non skew recursive tower defined by a suitable polynomial H ∈ K[x, y]. Let {x i } ∞ i=0 be a sequence of transcendental elements over K such that
(ii) There exists an index k ≥ 0 such that for infinitely many indices i ≥ 0 there is a place P i of K(x i−k , . . . , x i ) which is unramified in F i and each place of
Proof. We may assume that K is algebraically closed since, by passing to the con-
and
A i = {Q ∈ P(F i+1 ) : Q lies over some P ∈ R i } .
and set r i = #(R i ). Let B i be a divisor of F i defined as
, because every place Q of F i lying above P i is in R i and P i splits completely in F i , so that condition (a) of Remark 1 holds with c 1 (i) = 1. Now suppose that each extension F i+1 /F i is Galois. Then A i is the set of all places of F i+1 lying above a place of R i . Therefore
Then condition (b) of Remark 1 holds with c 2 (i) = 1/2 and the series
we arrive to the same conclusion. Finally suppose that the tower F = {F i } ∞ i=0 is non skew and recursive. Since F is non skew and (i) holds, we have that [F i :
] where m = deg y H = deg x H. Now we proceed with the same divisor B i as defined above using (ii). We have that
so that by taking c 1 (i) = m −k and c 2 (i) = m −k−1 we have the desired conclusion.
An example of the situation described in the second part of Proposition 2 for k = 0 was given in Lemma 3.2 in [5] and applied to the non skew Kummer tower
over F p with p ≡ 1, 7 mod 12. Unfortunately there is a mistake in the proof as we show now. The basic function field associated to that tower is F p (x, y) and both extensions F p (x, y)/F p (x) and F p (x, y)/F p (y) are Galois. The key part of the argument is that −3 −1 is not a square in F p with p ≡ 1, 7 mod 12. With this we would have that the polynomial x 2 + 3 −1 is irreducible in F p [x] and then it would define the place P x 2 +3 −1 of F p (x) which is not only totally ramified in F p (x, y) (by the theory of Kummer extensions) but also of degree 2, which is crucial for their argument. From these facts the authors deduce that the above equation defines a tower in the sense of Garcia and Stichtenoth with infinite genus. But any such prime is congruent to 1 modulo 3 and −3 −1 is a square in F p for p ≡ 1 mod 3 as can be easily seen using the quadratic reciprocity law. Thus the polynomial
so it does not define a place of F p (x).
Climbing the pyramid
In this section and the next one we shall use the following convention: a place defined by a monic and irreducible polynomial f ∈ K[x] in a rational function field K(x) will be denoted by P f (x) . A slight modification of the arguments given in Lemma 3.2 of [5] allowed us to prove the following useful criterion for infinite genus in the case of recursive towers and we include the proof for the sake of completeness. The main difficulty on the applicability of Lemma 3.2 of [5] is that it requires that both extensions K(x, y)/K(x) and K(x, y)/K(y) be Galois, which is something unusual or simply hard to prove. Getting rid of the condition K(x, y)/K(y) being Galois was the key ingredient in proving the main result in the next section.
be a non skew recursive tower of function fields over K defined by a polynomial H ∈ K[x, y] with the same degree m in both variables. Let K(x, y) be the basic function field associated to F and consider the set N = {deg R : R ∈ P(K(y)) and R is ramified in K(x, y)} .
Let d ∈ N such that gcd(d, m) = 1 and n ≡ 0 mod d for all n ∈ N . Suppose that there is a place P of K(x) with the following properties: Proof. Consider a sequence {x i } ∞ i=0 of transcendental elements over K such that
where H(x i , x i+1 ) = 0 for i ≥ 0. Let i ≥ 1. By the above assumptions there is a place P i of K(x i ) ramified in the extension K(x i , x i+1 )/K(x i ) with deg P i = d. Let Q be a place of F i lying above P i . Let P 0 , P 1 , . . . , P i be the restrictions of Q to K(x 0 ), K(x 1 ), . . . , K(x i ) respectively and let P ′ j be a place of K(x j , x j+1 ) lying above P j for j = 1, . . . i (see Figure 1 below) . Figure 1 . Ramification of P 0 , P 1 , . . . P i in the pyramid.
By hypothesis we have that e(P ′ i |P i ) = 1. On the other hand Continuing in this way using (5) we see that d is a divisor of deg P j for j = 1, . . . i and this implies, by hypothesis, that each place P j is unramified in the extension K(x j−1 , x j )/K(x j ) for j = 1, . . . i.
We have now a ramification situation as in Figure 1 below. By Abhyankar's Lemma (see [7, Theorem 3.9 .1]) it follows that e(Q|P i ) = 1. Now let Q ′ be a place of F i+1 lying above Q and let P ′ i+1 be the restriction of Q ′ to K(x i , x i+1 ). Then P ′ i+1 lies above P i and e(P ′ i+1 |P i ) = e > 1 because P i is ramified in K(x i , x i+1 ) and the extension K(x i , x i+1 )/K(x i ) is Galois. Once again, by Abhyankar's Lemma, we have that e(Q ′ |Q) = e(P ′ i+1 |P i ) > 1. Then we are in the conditions (i) and (ii) of Proposition 2 with k = 0 and thus γ(F ) = ∞.
Remark 4. Note that if we have a ramification situation as in Figure 1 above and P i is totally ramified in K(x i , x i+1 ) for all i ≥ 0 then Q is totally ramified in
Therefore if a recursive sequence F of function fields is defined by a separable polynomial H(x, y) in the second variable and for each i ≥ 0 we have a ramification situation as in Figure 1 and P i is totally ramified in K(x i , x i+1 ) for all i ≥ 0 then K is the full field of constants of each F i so that F is, in fact, a tower.
Classification of asymptotically good cubic towers of Garcia, Stichtenoth and Thomas type
We prove now our main result. As we said in the introduction Garcia, Stichtenoth and Thomas introduced in [2] an interesting class of Kummer type towers over a finite field F q with q ≡ 1 mod m defined by an equation of the form
where f (x) is a polynomial of degree m − d such that f (0) = 0 and gcd(d, m) = 1. These Kummer type towers have positive splitting rate but over prime fields Lenstra [4] showed that they fail to satisfy a well-known criterion for finite ramification locus given in [2] which is the main tool in proving the finiteness of their genus. In this context the next result is important in the study of the cubic case of these Kummer type towers.
Theorem 5. Let p be a prime number and let q = p r with r ∈ N such that q ≡ 1 mod 3. Let f (t) = t 2 + bt + c ∈ F q [t] be a polynomial such that t = 0 is not a double root. Let F be a Kummer type tower over F q recursively defined by the equation
If F is asymptotically good then the polynomial f splits into linear factors over F q . This implies that any asymptotically good tower recursively defined by (7) is of one and only one of the following three types: Type 1. Recursively defined by y 3 = x(x + α)(x + β) with non zero α = β ∈ F q . Type 2. Recursively defined by y 3 = x 2 (x + α) with non zero α ∈ F q . Type 3. Recursively defined by y 3 = x(x + α) 2 with non zero α ∈ F q .
Proof. On the contrary, suppose that the polynomial f is irreducible over F q . Let us consider the basic function field F = F q (x, y). Since the polynomial f (x) is irreducible in F q [x] we have that the place P f (x) of F q (x) associated to f (x) is of degree 2 and, by the general theory of Kummer extensions (see [7, Proposition 6.3 .1], P f (x) is totally ramified in F . In fact it is easy to see that the genus of F is one and
where Q 1 is the only place of F lying above P x (the zero of x in F q (x)) and Q 2 is the only place of F lying above P f (x) . Also Q 1 is of degree 1 and Q 2 is of degree 2. The extension F/F q (y) is of degree 3 because the polynomial
is the minimal polynomial of x over F q (y), otherwise φ(t) would have a root z = y in F q (y) and this would imply that y is algebraic over F q , a contradiction. Clearly the extension F/F q (y) is tame. By choosing the place P f (x) of F q (x) we have that items (a) and (b) with d = 2 hold in Proposition 3 so it remains to prove that the integers in the set N = {deg R : R ∈ P(F q (y)) and R is ramified in F } , are odd integers. We shall use the following notation: for z ∈ F the symbols (z) F , (z) F 0 and (z) F ∞ denote the principal divisor, the zero divisor and the pole divisor of z in F respectively. Using the well known expression of the different divisor in terms of differentials (see Chapter 4 of [7] ) we have that Diff(F/F q (y)) = 2(y)
We show now that (y)
Since ν Q (y) < 0 we must have that S = P x ∞ , the pole of x in F q (x). Hence ν Q (y) = −e(Q|P x ∞ ) = −1 because by Kummer theory (see [7, Proposition 6.3 
and this implies that ν Q (x) < 0. Therefore −3 = 3ν Q (x) and we have ν Q (x) = −1 which says that Q ∈ supp(x)
and we must have again that S = P x ∞ . This implies that ν Q (y) = −e(Q|P
From (8) we have now that
where z = (x − β 1 )(x − β 2 )y −2 . Let Q be a place of F in the support of (z) (i) ν Q (x − β i ) > 0 for i = 1 or i = 2. In either case Q lies above the rational place P x−βi of F q (x). Since F/K(x) is a Galois extension of degree 3 and deg Q = f (Q|P )deg P x−βi we have that either deg Q = 1 or deg Q = 3. (ii) ν Q (y) < 0. Let S = Q ∩ F q (x). We have 3ν Q (y) = e(S|Q)(ν S (x) + ν S (f (x))) .
Since ν S (x) ≥ 0 leads to a contradiction we must have ν S (x) < 0 and thus S = P x ∞ . The same argument used in (i) above shows that either deg Q = 1 or deg Q = 3. Now let Q be a place of F in the support of (z) F ∞ . Then ν Q (z) < 0 and thus one of the following two cases can occur: (a) ν Q (x − β i ) < 0 for i = 1 or i = 2. In either case ν Q (x) < 0 so that Q lies above the place P x ∞ of F q (x) and the same argument given in (i) above shows that either deg Q = 1 or deg Q = 3. (b) ν Q (y) > 0. Let S = Q ∩ F q (x). We have (10) 3ν Q (y) = e(S|Q)(ν S (x) + ν S (f (x))) .
Since ν S (x) < 0 leads to a contradiction we must have that ν S (x) ≥ 0. If ν S (x) > 0 then S = P x and so Q = Q 1 . If ν S (x) = 0 then we must have that ν S (f (x)) > 0 because the left hand side of (10) is positive. Therefore if ν S (x) = 0 then S = P f (x) and thus Q = Q 2 .
On the other hand ν Qi (y) = 1 for i = 1, 2 as it is easy to see from the definition of each Q i . Then ν Qi (z) = −2ν Qi (y) = −2 so that, in fact, the divisor −2Q 1 − 2Q 2 is part of the divisor (z) F . This implies that both places Q 1 and Q 2 are not in the support of Diff(F/F q (y)). From the cases (i), (ii) and (a) above we conclude that every place in the support of Diff(F/F q (y)) is of degree 1 or 3. Therefore no place of even degree en F q (y) can ramify in F as we claimed. In this way we see that all the conditions of Proposition 3 hold so that the equation
defines a Kummer tower F over F q with infinite genus if f (x) is irreducible over F q and this proves the theorem.
